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Abstract. We review recent advances in the shell model Monte Carlo approach for the microscopic calcu-
lation of statistical and collective properties of nuclei. We discuss applications to the calculation of (i) level
densities in nickel isotopes, implementing a recent method to circumvent the odd-particle sign problem;
(ii) state densities in heavy nuclei; (iii) spin distributions of nuclear levels; and (iv) finite-temperature
quadrupole distributions.
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1 Introduction
The nuclear level density is among the most important sta-
tistical properties of nuclei and is key input in the Hauser-
Feshbach theory [1] of statistical nuclear reactions. How-
ever, its microscopic calculation in the presence of cor-
relations is a challenging many-body problem. Most ap-
proaches are based on empirical models such as the back-
shifted Fermi gas model and the constant temperature
formula, and on mean-field theories such as the Hartree-
Fock-Bogoliubov (HFB) approximation [2,3].
The configuration-interaction (CI) shell model approach
offers an attractive framework that includes correlations
beyond mean-field theory and shell effects, but its appli-
cations in mid-mass and heavy nuclei have been hindered
by the combinatorial increase of the dimensionality of the
many-particle model space with number of orbitals and
number of valence nucleons. The shell model Monte Carlo
(SMMC) method [4,5,6,7] enables calculations in model
spaces that are many orders of magnitude larger than
those that can be treated in conventional diagonalization
methods, and is a powerful state-of-the-art method for the
microscopic calculation of nuclear level densities [8,9,10,
11,12].
Here we review recent advances in the SMMC method
for calculating level densities. These include (i) a method
to circumvent the odd-particle Monte Carlo sign prob-
lem [13], enabling the first accurate SMMC calculation of
level densities in odd-mass nuclei [14]; (ii) calculation of
state densities in even-mass [12] and odd-mass [15] heavy
nuclei; (iii) calculation of the spin distributions of level
densities [10], and (iv) a method to calculate the proba-
bility distribution associated with the quadrupole opera-
tor [16], which might facilitate the modeling of level den-
sities as a function of deformation, an important input for
the calculation of fission rates.
2 Shell model Monte Carlo method
The SMMC method is based on the Hubbard-Stratonovich
transformation [17,18], in which the Gibbs ensemble e−βH
of a system described by a Hamiltonian H at inverse tem-
perature β = 1/T is expressed as a functional integral over
one-body ensembles that describe non-interacting nucle-
ons moving in external auxiliary fields
e−βH =
∫
D[σ]GσUσ . (1)
Here Gσ is a Gaussian weight and Uσ is the propagator of
non-interacting nucleons moving in time-dependent aux-
iliary fields σ(τ) (0 ≤ τ ≤ β). The thermal expectation
value of an observable O is calculated from
〈O〉 = Tr(e
−βHO)
Tre−βH
=
∫
D[σ]WσΦσ〈O〉σ∫
D[σ]WσΦσ
, (2)
where Wσ = Gσ|TrUσ| is a positive-definite weight func-
tion, Φσ = TrUσ/|TrUσ| is the Monte Carlo sign function,
and 〈O〉σ = Tr (OUσ)/TrUσ is the thermal expectation
value of the observable for a given configuration σ of the
auxiliary fields.
The many-particle space is the Fock space spanned by
a set of Ns spherical single-particle orbitals. The many-
particle propagator Uσ can then be represented in the
single-particle space by a matrix Uσ of dimension Ns×Ns,
and the quantities in the integrands of Eq. (2) can be ex-
pressed in terms of this matrix. The grand canonical trace
of Uσ is given by
Tr Uσ = det(1+Uσ) , (3)
ar
X
iv
:1
60
1.
00
10
7v
1 
 [n
uc
l-t
h]
  1
 Ja
n 2
01
6
2 Y. Alhassid: The shell model Monte Carlo approach to level densities: recent developments and perspectives
while the grand canonical expectation value of a one-body
observable O =
∑
i,j Oija
†
iaj can be calculated from
〈a†iaj〉σ =
[
1
1+U−1σ
]
ji
. (4)
The grand canonical expectation value of a two-body ob-
servable can be similarly calculated using Wick’s theorem.
In the finite nucleus it is important to calculate the ob-
servables at fixed numbers of protons and neutrons using
the canonical ensemble. This is done using an exact rep-
resentation of the particle-number projector as a Fourier
sum. For example, the canonical partition function at fixed
number of particles A is given by [19]
TrAUσ =
e−βµA
Ns
Ns∑
m=1
e−iϕmA det
(
1+ eiϕmeβµUσ
)
, (5)
where ϕm = 2pim/Ns (m = 1, . . . , Ns) are quadrature
points and µ is a real chemical potential [required for the
numerical stabilization of the sum in (5)]. Similar expres-
sions can be written for canonical expectation values of ob-
servables, relating them to grand canonical values through
a Fourier transform.
In SMMC, we choose configurations σk of the auxil-
iary fields that are distributed according to Wσ and then
estimate the observables from
〈O〉 ≈
∑
k〈O〉σkΦσk∑
k Φσk
. (6)
2.1 State density in SMMC
In SMMC, we calculate the thermal energy versus inverse
temperature β as the expectation value of the Hamilto-
nian E(β) = 〈H〉, and then integrate the thermodynamic
relation
− ∂ lnZ
∂β
= E(β) (7)
to find the canonical partition function Z(β). The state
density is determined from the partition function by an
inverse Laplace transform
ρ(E) =
1
2pii
∫ i∞
−i∞
dβ eβEZ(β) . (8)
In practice we calculate the average state density by eval-
uating the integral in (8) in the saddle-point approxima-
tion [20]
ρ(E) ≈
(
−2pidE
dβ
)−1/2
eS(E) , (9)
where β is determined as a function of energy E from the
saddle-point condition E(β) = E, and S is the canonical
entropy
S = lnZ + βE . (10)
2.2 Circumventing the odd-particle sign problem
For good-sign interactions, the sign Φσ (in the grand canon-
ical ensemble) is positive. The projection on an even num-
ber of particles keeps the sign of the projected partition
function TrAUσ positive. However, the projection on an
odd number of particles can lead to negative sign of TrAUσ
for some of the samples. At low temperatures, this leads
to the so-called sign problem where the statistical errors
of the observables become too large. In particular, it is dif-
ficult to determine accurate ground-state energies of odd-
mass nuclei. This odd-particle sign problem has hampered
applications of SMMC to odd-mass nuclei.
Recently, we developed a method to circumvent the
odd-particle sign problem (for good-sign interactions) and
determine accurate ground-state energies of odd-mass nu-
clei [13]. The method is based on the asymptotic behavior
of the single-particle Green’s functions in imaginary time.
The scalar Green’s functions are given by
Gν(τ) =
TrA
[
e−βHT ∑m aνm(τ)a†νm(0)]
TrA e−βH
, (11)
where ν ≡ (nlj) labels the nucleon single-particle orbital
with radial quantum number n, orbital angular momen-
tum l and total spin j. Here T denotes time ordering and
aνm(τ) ≡ eτHaνme−τH is an annihilation operator of a
nucleon at imaginary time τ (−β ≤ τ ≤ β) in a single-
particle state with orbital ν and magnetic quantum num-
ber m.
For an even-even nucleus A ≡ (Z,N) with ground-
state spin 0, the scalar Green’s function has the asymp-
totic form
Gν(τ) ∼ e−∆EJ=j(A±)|τ | , (12)
where A± denote the even-odd nuclei (Z,N ± 1) when
ν is a neutron orbital and the odd-even nuclei (Z ± 1, N)
when ν is a proton orbital, and the + (−) subscript should
be used for τ > 0 (τ ≤ 0). ∆EJ=j(A±) is the difference
between the energies of the the lowest spin J eigenstate
of the A± particle nucleus and the ground state of the A
particle nucleus. In this asymptotic regime, we can thus
calculate ∆Ej(A±) from the slope of lnGν(τ). By mini-
mizing ∆Ej(A±) over all possible values of J , we deter-
mine the difference between the ground-state energy of
the A± nuclei, and the ground state energy of the A nu-
cleus. This latter energy and Gν(τ) are both properties of
the even-even nucleus and are free of a sign problem for a
good-sign interaction.
3 Application to nickel isotopes
We discuss a recent application to the calculation of level
densities in a family of nickel isotopes [14] using the Ham-
miltonian of Ref. [8] in the fpg9/2 shell. The level density
ρ˜ is defined without counting the 2J + 1 magnetic de-
generacy of levels with spin J , i.e., ρ˜(Ex) =
∑
J ρJ(Ex)
where ρJ is the density of levels with spin J . Recent ex-
periments extracted the level densities of the 59−64Ni iso-
topes through the measurements of proton evaporation
spectra [21].
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Fig. 1. Level densities ρ˜ of nickel isotopes 59−64Ni versus excitation energy Ex. The SMMC results (solid circles) are compared
with level counting data at low excitation energies (solid histograms) [24], neutron resonance data when available (triangles) [24]
and level densities determined from proton evaporation spectra [21,22] (open squares and quasi-continuous lines). Taken from
Ref. [14].
In SMMC, we can calculate the level density directly [23]
by projecting on the spin component M . Denoting by ρM
the density for levels with Jz = M , we have ρ˜ = ρM=0 for
even-mass nuclei and ρ˜ = ρM=1/2 for odd-mass nuclei.
In Fig. 1, we show the level densities for a family
of nickel isotopes 59−64Ni. The ground-state energies of
the odd-mass isotopes were determined accurately using
our solution to the odd-particle sign problem discussed in
Sec. 2.2.
4 Heavy nuclei
Open shell heavy nuclei can be strongly deformed and
are characterized by rotational collectivity. An important
question we discuss in Sec. 4.1 is whether such deformed
nuclei can be described in a spherical shell model approach
using a truncated single-particle space.
The SMMC method was successfully extended to heavy
nuclei [11,12]. The single-particle model space we use for
calculations in rare-earth nuclei is composed of the 50−82
shell plus the 1f7/2 orbital for protons, and the 82 − 126
shell plus the 0h11/2, 1g9/2 orbitals for neutrons. The cor-
responding many-particle model space for 162Dy is of order
∼ 1029.
4.1 Crossover from vibrational to rotational collectivity
in the CI shell model approach
The various types of collectivity, e.g., vibrational and ro-
tational collectivity, are usually identified by their corre-
sponding spectra. However, SMMC does not provide de-
tailed spectroscopy; it is more suitable for the calculation
of thermal observables. We have therefore identified an
observable whose low-temperature behavior is sensitive to
the type of collectivity. Such observable is 〈J2〉T . Its tem-
perature dependence at low T is given by [11,12]
〈J2〉T ≈
30
e
−E
2+
/T(
1−e−E2+/T
)2 vibrational band
6
E2+
T rotational band
(13)
where E2+ is the excitation energy of the first 2
+ level. In
Fig. 2 we show 〈J2〉T versus T for the deformed nucleus
162Dy (left panel) and for the spherical nucleus 148Sm
(right panel). The solid circles with error bars are the
SMMC results. In 162Dy, they are well fitted by the ro-
tational band model, while in 148Sm, the vibrational band
model is a better fit. These results validate the rotational
character of 162Dy and the vibrational nature of 148Sm.
The observable 〈J2〉T also describes well the crossover
from vibrational to rotational collectivity. In Fig. 3, we
show by solid circles the SMMC values of 〈J2〉T as a func-
tion of temperature for a family of samarium isotopes
148−154Sm. We observe a crossover from a “soft” response
to temperature in 148Sm characterizing spherical vibra-
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Fig. 2. Left: 〈J2〉T in 162Dy. The SMMC results (solid circles) are compared with fits to the rotational model (solid line) and
vibrational model (dashed-dotted line). Adapted from Ref. [11]. Right: 〈J2〉T in 148Sm. The SMMC results (open circles) are
compared with fits to the vibrational model (solid line) and rotational model (dashed line). Taken from Ref. [25].
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Fig. 3. 〈J2〉T for a family of samarium isotopes 148−154Sm. The SMMC results (open circles with statistical errors) are in good
agreement with values extracted from experimental data (solid lines; see text). Adapted from Ref. [12].
tional nuclei, to a “rigid” linear response to temperature
in 154Sm characterizing deformed rotational nuclei.
The solid lines in Fig. 3 are extracted from the exper-
imental data using
〈J2〉T = 1
Z(T )
(
N∑
i
Ji(Ji + 1)(2Ji + 1)e
−Ei/T
+
∫ ∞
EN
dEx ρ(Ex) 〈J2〉Ex e−Ex/T
)
, (14)
where Z(T ) =
∑N
i (2Ji+1)e
−Ei/T +
∫∞
EN
dExρ(Ex)e
−Ex/T
is the experimental partition function. The summations
in Eq. (14) and in the expression for Z(T ) extend over
a complete set of experimentally known low-lying levels i
with excitation energy Ei and spin Ji, and ρ(Ex) is the
back-shifted Bethe formula (BBF) with parameters that
are determined from level counting and neutron resonance
data.
4.2 State densities in families of samarium and
neodymium isotopes
The SMMC state densities of the even samarium isotopes
148−154Sm and the even neodymium isotopes 144−152Nd,
calculated by the method described in Sec. 2.1, are shown
in the top two rows of Fig. 4 (open circles) [12,26]. We find
good agreement with experimental data including level
counting at low excitation energies (solid histograms) and,
when available, neutron resonance data (triangles) at the
neutron binding energy [24]. The Hamiltonians used for
the calculations are given in Ref. [12].
Recently, we calculated the state densities in odd-mass
samarium (149−155Sm) and neodymium (143−149Nd) iso-
topes [15]. The corresponding densities are shown in the
bottom two rows of Fig. 4. The odd-mass isotopes has
an odd-particle sign problem. The solution discussed in
Sec. 2.2 requires additional development for the heavy nu-
clei, in which much larger β values are required to reach
the ground-state energy E0. We use experimental data
to make a one-parameter fit (E0) of the SMMC thermal
energy to the thermal energy calculated from the exper-
imental data. We find that the SMMC densities for the
odd-mass isotopes are consistent with the experimental
data using the same family of Hamiltonians as for the
even-mass isotopes.
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Fig. 4. State densities ρ versus excitation energy Ex in families of even-mass (top two panels) and odd-mass (bottom two
panels) samarium and neodymium isotopes. The SMMC densities (open circles) are compared with level counting data at low
excitation energies (solid histograms) and neutron resonance data (triangles) when available [24]. The solid lines are back-shifted
Fermi gas densities extracted from experimental data. Adapted from Refs. [12,15,26].
5 Projection methods
To determine the density distributions at a given fixed
value of an observable, we use projection methods by rep-
resenting the corresponding Dirac δ function as a Fourier
transform. Below we discuss projections on good quantum
numbers, e.g., spin (Sec. 5.1), as well as on observables
that do not commute with the Hamiltonian, e.g., the ax-
ial quadrupole operator Qˆ20 (Sec. 5.2).
5.1 Spin distributions
We can project on Jˆz, the spin component along the z
axis, by using (within the HS representation) a Fourier
transform decomposition for δ(Jˆz −M) [10]
TrM Uσ =
1
2Js + 1
Js∑
k=−Js
e−iϕkMTr
(
eiϕkJˆzUσ
)
. (15)
Here Js is the maximal many-particle spin in the model
space and ϕk ≡ pik/(Js + 1/2) with k = −Js, . . . Js are
quadrature points.
Using TrJXˆ = TrM=JXˆ −TrM=J+1Xˆ (which hold for
any scalar operator Xˆ), we can also calculate ρJ(Ex), i.e.,
the level density for a given spin J .
In Fig. 5 we show the spin distribution ρJ/ρ as a func-
tion of J at different values of the excitation energies Ex
for three mid-mass nuclei: the odd-even nucleus 55Fe, the
even-even nucleus 56Fe and the odd-odd nucleus 60Co. We
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Fig. 5. Spin distributions ρJ/ρ versus spin J for several values of the excitation energy Ex and for the nuclei
55Fe (left column),
56Fe (middle column) and 60Co (right column). The SMMC results (solid squares with error bars) are compared with the spin
cutoff model with a fitted spin cutoff parameter σ (solid lines) and the spin cutoff model with rigid-body moment of inertia
(dashed lines). Taken from Ref. [10].
compare the SMMC results with the spin cutoff model [27]
ρJ(Ex) = ρ(Ex)
(2J + 1)
2
√
2piσ3
e−
J(J+1)
2σ2 , (16)
where σ is an energy-dependent spin-cutoff parameter.
The spin-projected density ρJ(Ex) does not include the
2J + 1 magnetic degeneracy and are thus normalized ac-
cording to
∑
J(2J + 1)ρJ(Ex) ≈ ρ(Ex). The distribution
(16) corresponds to a normal distribution in the angular
momentum vector J . The solid lines in Fig. 5 describe the
spin cutoff model distributions in which σ is determined
by a fit to the corresponding SMMC spin distributions.
We observe that at higher excitation energies the spin
cutoff model works quite well and this seems to be the
case also at low energies for odd-even and odd-odd nuclei.
However, for the even-even nucleus 56Fe, we observe at
low excitation energies an odd-even staggering in spin.
This phenomenon is generic for even-even nuclei and was
observed in empirical analysis of low-lying energy levels
across the table of nuclei [28,29].
The spin cutoff parameter is related to the thermal
moment of inertia I by
σ2 =
IT
h¯2
. (17)
In Fig. 6 we show the moment of inertia I versus exci-
tation energy Ex for the same three nuclei as in Fig. 5.
We find that at low excitation energies and for the even-
even nucleus 56Fe, I is suppressed to values that are be-
low its rigid-body value because of pairing correlations. In
contrast, the moments of inertia for the odd-even nucleus
55Fe and the odd-odd nucleus 60Co are not reduced much
below their respective rigid-body values.
5.2 Quadrupole distributions
The level density as a function of deformation is impor-
tant input for modeling of shape dynamics such as nuclear
fission. Here we review the first step toward such a calcula-
tion in the framework of the CI shell model approach [16].
The axial quadrupole operator in the laboratory frame
Qˆ20 and the Hamiltonian H do not commute, and thus
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cannot be diagonalized simultaneously. The distribution
of Qˆ20 at temperature T is then given by
PT (q) =
∑
n
δ(q − qn)
∑
m
〈q, n|e,m〉2e−βem , (18)
where |q, n〉 are eigenstates of Qˆ20 satisfying Qˆ20|q, n〉 =
qn|q, n〉 and similarly |e,m〉 are eigenstates of H. We cal-
culate PT (q) by using its Fourier representation
PT (q) =
1
Tr e−βHˆ
∫ ∞
−∞
dϕ
2pi
e−iϕq Tr
(
eiϕQˆ20e−βHˆ
)
. (19)
together with the HS transformation for e−βH . In practice,
we approximate the quadrupole-projected trace by a dis-
crete Fourier decomposition. We take an interval [−qmax, qmax]
and divide it into 2L + 1 equal intervals of length ∆q =
2qmax/(2L+ 1). We have
Tr
(
δ(Qˆ20 − qm)Uσ
)
≈ 1
2qmax
L∑
k=−L
e−iϕkqmTr(eiϕkQˆ20Uˆσ) ,
(20)
where qm = m∆q (m = −L, . . . , L) and ϕk = pik/qmax
(k = −L, . . . , L).
The SMMC quadrupole distributions PT (q) are shown
in Fig. 7 for the deformed nucleus 154Sm at several tem-
peratures. At the lowest temperature T = 0.1 MeV, we ob-
serve a skewed distribution which we compare with the ax-
ial quadrupole distribution of a prolate rigid rotor (dashed
line). The overall similarity of the distributions is a clear
signature of deformation. Deformation is an important
concept in our understanding of heavy nuclei but it is in-
troduced in the framework of a mean-field approximation
(e.g, Hatree-Fock) that breaks rotational symmetry. Here
we observe a signature of deformation in the quadruple
distribution in the laboratory frame using a rotationally
invariant CI shell model approach.
In the finite-temperature HF approximation, 154Sm
undergoes a shape transition from a deformed to a spheri-
cal nucleus. The quadrupole distribution is still skewed in
 0.0005
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Fig. 7. Axial quadrupole distributions PT (q) in the laboratory
frame for the deformed nucleus 154Sm at three temperatures.
The dashed line at the low temperature T = 0.1 MeV is the
quadrupole distribution of a prolate rigid rotor. Taken from
Ref. [16].
the vicinity of the transition temperature (middle panel
in Fig. 7). At a high temperature of T = 4 MeV, the dis-
tribution is close to a Gaussian (top panel). In 148Sm, a
spherical nucleus, we find that the quadrupole distribu-
tions are close to a Gaussian even at low temperatures.
Our goal is to eventually determine the distribution
of the intrinsic quadrupole deformation. To this end, we
construct combinations of the second rank quadrupole op-
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erator Qˆ2µ that are invariant under rotations. For exam-
ple, Qˆ · Qˆ is a second order invariant, and (Qˆ × Qˆ)(2) · Qˆ
is a cubic invariant. The expectation values of these in-
variants are independent of the particular frame they are
evaluated in, and in particular, they can be evaluated in
the intrinsic frame. Effective values of the intrinsic defor-
mation parameters β and γ can then be calculated from
these invariants
β =
√
5pi
3r20A
5/3
〈Qˆ · Qˆ〉1/2
cos 3γ = −
√
7
2
〈(Qˆ× Qˆ) · Qˆ〉
〈Qˆ · Qˆ〉3/2 . (21)
To determine the intrinsic quadrupole shape distribu-
tion PT (β, γ), we use the fact that PT (β, γ) is a rotational
invariant, and expand − lnPT (β, γ) in the quadrupole in-
variants. Carrying the expansion up to the fourth order
invariant, we have
− lnPT (β, γ) = N+Aβ2−Bβ3 cos 3γ+Cβ4+ . . . , (22)
where A,B,C are temperature-dependent parameters and
N is a normalization constant. Eq. (22) carries a similar-
ity to the expansion of the free energy in the quadrupole
shape order parameter in the Landau theory of shape tran-
sitions [30,31]. The parameters A,B,C can be determined
from the expectation values of the three quadrupole in-
variants β2, β3 cos 3γ and β4. In Ref. [16] we showed that
the expectation values of these low-order quadrupole in-
variants can be related to moments of Qˆ20 in the lab-
oratory frame, and can therefore be extracted from the
distributions PT (q). Once the distributions PT (β, γ) are
known, we can use the saddle-point approximation to con-
vert them to the intrinsic shape distributions PEx(β, γ) at
fixed excitation energy Ex.
After we determine PEx(β, γ), the joint level density
distribution ρ(β, γ, Ex) at a given intrinsic deformation
β, γ and excitation energy Ex can be calculated from
ρ(β, γ, Ex) = ρ(Ex)PEx(β, γ) . (23)
6 Conclusion and prospects
The SMMC method is a powerful method for the calcu-
lation of level densities in the presence of correlations in
very large model spaces. A recent method to circumvent
the odd-particle sign problem enabled us to calculate accu-
rately level densities in odd-mass nuclei. We demonstrated
that a spherical CI shell model approach defined within a
truncated single-particle space is capable of describing mi-
croscopically various types of collectivity in heavy nuclei.
Projection methods enable the calculation of the distri-
bution of good quantum numbers such as spin. We can
also project on observables that do not commute with the
Hamiltonian, such as the axial quadrupole operator. Us-
ing such a quadrupole projection, we showed that nuclear
deformation can be studied in the rotationally invariant
framework of the CI shell model.
The dependence of level densities on intrinsic nuclear
deformation is important input in the modeling of shape
dynamics and, in particular, nuclear fission. Our recent
study of deformation in the framework of the CI shell
model can be viewed as the first step toward the calcu-
lation of level densities versus deformation.
In comparing the calculated SMMC densities with neu-
tron resonance data, we converted the measured s-wave
neutron resonance mean spacing to total densities assum-
ing a spin cutoff model with rigid-body moment of iner-
tia and equal positive- and negative-parity densities. It
would be interesting to make a direct comparison of the
measured average neutron resonance density with the cor-
responding sum of SMMC spin-parity level densities that
are allowed by the selection rules. This requires the use of
a combined spin-parity projection method in SMMC.
In our SMMC studies of level densities we use CI shell
model Hamiltonians that are specific to the mass region
under consideration. A long-term goal is to derive an ef-
fective shell model Hamiltonian from a density functional
theory. Since density functional theories are valid globally
across the table of nuclei, this would enable us to derive
systematically CI shell model Hamiltonians across differ-
ent mass regions. Preliminary ideas for how to construct a
map from a density functional theory on a CI shell model
Hamiltonian were discussed in Refs. [32,33]. It would also
be useful to extend the SMMC studies to heavier mass
regions (e.g., actinides), and to unstable nuclei.
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